We generalize the formulation of non-commutative quantum mechanics to three dimensional noncommutative space. Particular attention is paid to the identification of the quantum Hilbert space in which the physical states of the system are to be represented, the construction of the representation of the rotation group on this space, the deformation of the Leibnitz rule accompanying this representation and the implied necessity of deforming the co-product to restore the rotation symmetry automorphism. This also implies the breaking of rotational invariance on the level of the Schroedinger action and equation as well as the Hamiltonian, even for rotational invariant potentials. For rotational invariant potentials the symmetry breaking results purely from the deformation in the sense that the commutator of the Hamiltonian and angular momentum is proportional to the deformation.
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I. INTRODUCTION
In their seminal paper, Doplicher et al. [1] argued from the considerations of both general relativity and quantum mechanics that the localization of an event in spacetime with arbitrary accuracy is operationally impossible. This feature is captured by postulating non-vanishing commutation relations between operator-valued coordinates. In its simplest form they are given as [t,X i ] = 0; [X i ,X j ] = iθ ij ,
where the time t has been taken to be an ordinary c-number. This form of noncommutativity also follows from the low energy limit of string theory [2] . Reformulation of Quantum mechanics or Quantum field theory based on these non-commutative relations are therefore expected to describe physics at a much higher energy scale than the conventional local Quantum Field theory and perhaps can provide another window into the nature of Planck-scale physics and complement the insights gained through other approaches like String theory and loop quantum gravity. Aside from the high energy considerations, this kind of non-commutative structure also has relevance in condensed matter physics like the Quantum Hall effect [3] and topological insulators [4] . The general point of view regarding the matrix Θ = {θ ij } is that the entries are constant, as if they are new constants of nature like , c, G etc [5] and θ ij do not transform as a second-rank tensor under SO (3) . One therefore does not expect the coordinatesX i to transform vectorially rendering the construction of a SO(3) invariant scalar potential virtually impossible. This problem, however, does not arise in D = 2, as Θ remains invariant under SO(2) rotations in this case, even if θ ij is subjected to a tensorial transformation and one can easily construct a SO(2) invariant potential. Indeed, in [6] an analytical solution to the problem of a particle, confined in a 2D spherical infinite potential well, was provided in a completely operatorial approach, bypassing the conventional approach of using the Moyal/Voros star product. Since these star products are naturally associated with respective bases [7] , the analysis in [6] is completely independent of any choice of basis and has a general validity.
It should, however, be pointed out that the 2D case is rather trivial and non-trivialities arise only in D ≥ 3. It is therefore desirable to understand whether it is possible to construct a SO(3) invariant potential in 3D in a completely operatorial approach in the spirit of [6] .
An attempt in this direction was made in [8] in a Hopf algebraic approach, where the deformed co-product was used to define a deformed adjoint action and the associated deformed brackets. Interestingly, it was observed in [8] that the non-commutative coordinates transform covariantly under these deformed brackets when the angular momentum operator is also deformed simultaneously. However, even this approach failed to produce a SO(3) invariant potential with respect to these deformed brackets, even if one starts with a SO(3) invariant potential in the commutative case; they are found to be afflicted with anomalies.
This therefore motivates us to first generalize the operator method introduced in [6] and also in [9] , where the interpretational aspects were studied, to 3D. This then paves the way to an understanding of the way the symmetry manifests itself on the level of the action, Hamiltonian and Schroedinger equation, which, as far as we can establish, has not been done systematically in the literature.
The paper is organized as follows: In section II we briefly review the 2 dimensional construction to fix conventions and notations. In section III the 3 dimensional generalization is introduced. In section IV we discuss the Moyal and Voros basis representations of the abstract construction introduced in III and make contact with the more standard non-commutative formulation in terms of Moyal and Voros star products. Section V constructs the representation of the rotation group on the quantum Hilbert space introduced in section III. Section VI discusses the deformed co-product required to restore the rotational symmetry automorphism and section VII shows that under this deformation the non-commutative matrix is indeed invariant. In section VIII the breaking of rotational symmetry on the level of the Schroedinger equation, even for rotational invariant potentials, is discussed. Finally, section IX summarizes and draws conclusions.
II. REVIEW OF TWO DIMENSIONAL NON COMMUTATIVE QUANTUM MECHANICS
The non-commutative Heisenberg algebra in two dimension can be written as (we work in unit = 1)
One can construct standard creation and annihilation operators b † and b:
The non-commutative plane can therefore be viewed as a boson Fock space spanned by the eigenstate |n of the operator b † b. We refer to it as the classical configuration space H c :
Note that this space plays the same role as the classical configuration space R 2 in commutative quantum mechanics. Next we introduce the quantum Hilbert space in which the states of the system and the non-commutative Heisenberg algebra are to be represented. This is taken to be the set of all bounded trace-class operators (the Hilbert-Schmidt operators) over H c and we refer to it as the quantum Hilbert space,H q ,
Note that we can also think of the states in the quantum Hilbert space as functions ψ (x 1 ,x 2 ) (with an appropriate ordering prescription) of the non-commuting coordinatesx 1 ,x 2 as they are essentially the trace class operators generated by the bounded Weyl operators associated withx 1 andx 2 . Physical states are represented by the elements of H q and are denoted by a round bracket ψ ≡ |ψ). The inner product is defined as
where the subscript c refers to tracing over H c . We reserve † to denote hermitian conjugation on the classical Hilbert space, while ‡ denotes hermitian conjugation on the quantum Hilbert space. IfX i ,P i are the representations of the operatorsx i andp i acting on H q , then a unitary representation, i.e.
, is obtained by the following action:
It is easily verified that the momentum eigenstate |p) are given by
and that they satisfy the usual resolution of identity and orthogonality condition
if the vector θ is parametrised as
Note that this form ofR is not unique as we still have a freedom to make an additional SO(2) rotation around the θ axis. With this the NC coordinate algebra assumes the form
In this barred frame the non-commutative matrix,Θ ij =θ ij , therefore takes the form
We therefore see that thex 3 coordinate essentially becomes commutative and a particle undergoing motion in this frame finds itself moving in a space which is nothing but the direct product of the 2D non-commutative plane, introduced in the previous section, and the real line. From this perspective one can therefore construct the classical configuration space as a tensor product space of the noncommutative 2D classical configuration space (boson Fock space) and a one dimensional Hilbert space spanned by the eigenstates ofx 3 , i.e.,
Here n labels the eigenstates of b † b, where b † and b were introduced in eq. (5), andx 3 labels the eigenstates ofx 3 . Alternatively, as described in the previous section, one can introduce a coherent state basis, labeled by z, for the boson Fock space.
The action of the original (i.e. unbarred) coordinatesx i on these basis states is then extended through linearity, by inverting (36) and using the fact thatx 3 is the eigenvalue ofx 3 as:
where α, β = 1, 2. Note that the action ofx α is defined through the action of the creation and annihilation operators of eq. (5). The next step is to define the quantum Hilbert space H
q , the elements of which represent the physical states, and on which the non-commutative Heisenberg algebra is to be represented.
In analogy with ordinary quantum mechanics, where the Hilbert space of states is the space of square integrable functions of coordinates, here it becomes, as in the previous section, the Hilbert space of all functions of the operator valued coordinates (all operators generated by the Weyl algebra associated withx α ,x 3 ) and the elements of the quantum Hilbert space are therefore operators acting on classical configuration space. The requirement of square integrability gets replaced by the trace class condition. We therefore identify the appropriate quantum Hilbert space H (3) q to be
If we use as basis for the classical configuration space eigenstates ofx 3 , we can replacex 3 by its eigenvaluex 3 and identify the quantum Hilbert space with
where tr ′ c denotes the restricted trace over the non-commutative 2D plane. This space is therefore simply a one parameter family of quantum Hilbert spaces for the 2D non-commutative plane, which is not surprising given that the classical configuration space is simply a one parameter family of 2D non-commutative planes. In contrast to the previous section, it is, however, important to note that this space does not coincide with the space of all Hilbert-Schmidt operators acting on classical configuration space. To emphasize that this space is the space of operators generated by the barred operator valued coordinates, we have explicitly indicated the functional dependence in (43). Indeed, from the discussion above it is immediately clear that elements of the quantum Hilbert space leaves the subspace span{|n,x 3 }, for fixedx 3 , of the classical configuration space invariant. Hence the elements of quantum Hilbert space must constitute a subset of all the possible operators on classical configuration space. These can be characterized as all Hilbert-Schmidt operators ψ on classical configuration space that also satisfy the additional constraint x 3 , ψ = 0, i.e.:
with inner product as in (8) . This is also a more convenient characterization of the quantum Hilbert space as we now do not need to specify the operators that are used to generate the elements of the quantum Hilbert space. We can therefore drop the functional dependence on the barred coordinates and simply denote the elements of the quantum Hilbert space by ψ ≡ |ψ), keeping in mind the constraint in (45).
To define the action of the momentum operators on the quantum Hilbert space it is convenient to introduce a further 'coordinate'x 4 such that
i.e., it commutes withx 1 andx 2 and is conjugate tox 3 . Here θ was defined in (38) and (40). Formallŷ
. In terms of these the action of the momentum operators in the barred frame on the quantum Hilbert space can be expressed through the adjoint action:
where
Note that due to the constraint on ψ, we haveP 4 ψ = 0 so that there are only three non trivial momenta. This can be extended to the action of the components of momenta in the original frame (this will referred as the fiducial frame later in the paper). Invoking linearity gives:
Like-wise one can introduce the position operatorsX i acting on H (3) q through left multiplication, i.e., by the linear mapsX
in the original fiducial unbarred frame, so that these pairs of observables now satisfy the noncommutative Heisenberg algebra
Simultaneous eigenstates of the above commuting momentum operators will play an important role in what follows. It is a simple matter to verify that these are given by:
Note thatP 4 |p) = 0 as required by the constraint in (45). Here we have also noted that p ixi is a scalar under a SO(3) rotation. In complete analogy with the two dimensional case one can verify that these states satisfy the orthogonality relations
and completeness relation
IV. MOYAL AND VOROS BASES IN THREE DIMENSIONS
The position operatorX i introduced in the previous section has been taken to be a left action by default. One can, likewise, construct a right action so that we can write for both left and right actionŝ
In analogy with the construction given in [10] , we can also introduce here the mapX i (c) , which is the average of above left and right actions:
By splittingx i ψ(x i ) into symmetric and anti symmetric parts, this can be rewritten aŝ
The transition to the barred frame and then back to the original unbarred frame allows us to rewrite this, using (36) and (47), in the form
where α, β = 1, 2, 3, 4, i, j, k, l = 1, 2, 3 and we usedP 4 ψ = 0. Using the covariant transformation property (40) of Θ and the fact that ψ is an arbitrary state, we can write this as an operator identity on
TheX i must be regarded as the physical position operators appropriate for the quantum Hilbert space
q .X i (c) are the corresponding commuting position operators acting on H
q , but they do not have the same physical status as theX i .
In analogy with (23) we introduce the normalized 'Moyal basis' as
satisfying
with θ M ij = θ ij . These basis states are simultaneous eigenstates ofX
As before we can impose the additional structure of an algebra on H
q by defining the multiplication map
where normal operator multiplication is implied on the right. Expanding a pair of generic states states |ψ) and |φ) as
and like-wise for |φ), a straightforward computation yields
and
∂ β has been written in the barred coordinatesx i . However, as θ ij ← − ∂ i − → ∂ j is a SO(3) scalar bi-differential operator, we can readily switch to our fiducial c-number coordinates x i = (R ij )x j to yield the Moyal star product (67).
Next we introduce the Voros basis in three dimensions through an expansion in momentum basis in complete analogy with the two dimensional case:
These states satisfy
with θ V ij = −iθδ ij + θ ij and θ as in 40. A straightforward calculation now yields
V. ANGULAR MOMENTUM OPERATOR
Next we construct the representation of the angular momentum operator (generators of rotations) on the quantum Hilbert space. Consider the momentum basis expansion of a state |ψ) in the quantum Hilbert space
Let us consider an arbitrary infinitesimal rotation R ∈ SO(3), which rotate the coordinate system:
Here the L i 's are the 3 dimensional matrix representations of the SO(3) generators and φ the infinitesimal rotational parameters. We are looking for the infinitesimal unitary operator that implements this transformation on the quantum Hilbert space. Keeping in mind the scalar nature of the 'wave functions' one wants
Using (80), this can be recast in the form
Using the Baker-Campbell-Hausdorff formula and retaining terms up to linear order in φ l , we can write this as
Using the explicit forms of the
one gets
from which we identifyĴ
as the generators of rotations, i.e., the angular momentum operators acting on H
q . It can be easily checked that the operators J i satisfy the standard SO(3) commutation relations
and furnishes a representation of L i on the quantum Hilbert space. As usual the operator U (R) for a finite rotation with rotation parameters φ is given by U (R) = e i φ·ˆ J and is unitary as can be easily verified.
The angular momentum, unlike the linear momentumP i , does not satisfy the usual Leibniz rule. While the Leibniz rule forP i is trivial, it is also not difficult to see that it is not satisfied forĴ i by considering its action on an arbitrary product state (φψ):
Given the definition ofX (c) j , which is really the average of left and right actions, this simply cannot be written as
Rather, it should be written aŝ
This generates factors like (x j φ) and (ψx j ). Expressing them as ([x j , φ] + φx j ) and ([ψ,x j ] +x j ψ), respectively, and substituting them back in the above equation yields, after some re-arrangement,
Clearly the first two terms here corresponds to what one expects from the naive Leibniz rule and the third term represents the corresponding modification/deformation. We can now use the identity
which follows from (61-63), to re-express (90) in terms of θ aŝ
VI. NECESSITY OF DEFORMED CO-PRODUCT TO RESTORE THE AUTOMORPHISM SYMMETRY UNDER SO(3) ROTATIONS
The generic state |ψ) transforms under a SO(3) rotation R as
Likewise we can introduce another state
and its rotated counterpart
The aforementioned structure of the algebra (68) allows us to write the composite state |ψφ) as
where we have made use of the Baker-Campbell-Hausdorff formula. Consider the rotated state |(ψφ) R ), which is obtained by applying the rotation R ∈ SO(3) on the state |ψφ). Clearly,
At this stage it can be observed that if it were the case of commutative quantum mechanics, we would have automorphism symmetry i.e we can write
where the RHS can be easily seen to be obtained from the undeformed co-product ∆ 0 (R) = U (R) ⊗ U (R) and the RHS can be expressed as
However, as we show now this situation changes drastically in the non-commutative case; here we are forced to apply a deformed co-product ∆ θ (R), which goes over to ∆ 0 (R) only in the limit θ → 0, in order to recover the automorphism symmetry. To this end, consider m[∆ θ (R)(|ψ) ⊗ |φ))] with
This ansatz is motivated from earlier studies using the Moyal/Voros basis [11] . A straight forward calculation yields
The above expression will coincide with that of |(ψφ) R ) given in (98) iff the α matrix is identified with the NC matrix Θ : α = Θ.
We therefore have the final expression of the twist and the co-product given in an abstract i.e. basis independent form as
These are the essential deformed Hopf-algebraic structures [12] required to restore the automorphism symmetry:
The same conclusion can be reached from the deformed Leibnitz rule (92). Indeed, the deformed co-product can simply be read off as
with △ 0 (Ĵ i ) =Ĵ i ⊗ 1 + 1 ⊗Ĵ i the undeformed co-product for SO(3) generators. It can easily be checked that this is precisely the deformed co-product obtained from
by using the Hadamard identity for the form of the twist (104).
Having obtained the abstract form of the twist (104), the form of the twist F M/V in Moyal/Voros basis can be read off from the overlaps M/V ( x|ψφ) in (70) and (77) satisfying
where m 0 represents the point-wise multiplication map:
This yields,
Finally we remark that the restoration of the SO(3) automorphism symmetry is only relevant in the one particle setting insofar as the action of the one particle potential V (X i ) on the quantum state ψ(x i ) corresponds to operator multiplication, i.e., V (X i )ψ(x i ) = V (x i )ψ(x i ) as the action of the quantum position operatorsX i was defined through left multiplication. In this setting the composite state |ψφ) represents a single particle state that results from the action of an observable that depends on the coordinatesX i alone, i.e., ψ(X i )|φ) = |ψ(x i )φ) (see 50).
In the multi-particle setting the restoration of the automorphism symmetry becomes relevant in the context of the manifest restoration of the symmetry on the level of the action. If we were to view the Schroedinger equation as a field equation resulting from the action
the rotation symmetry is manifest if the Lagrangian density transforms as a scalar under rotations, i.e., (
A for a generic composite A of fields (see sectionVIII). To achieve this it is necessary to implement the deformed co-product on the composites of fields appearing in the Lagrangian, as explained in [10] . We return to the transformation properties of the Schroedinger action (112) in section VIII.
The same considerations apply to relativistic non-commutative field theories where the restoration of the Lorentz automorphism symmetry is required to make the Lagrangian manifestly Lorentz invariant.
VII. ON THE CONSTANCY OF Θ
It is a simple matter to verify that the commutation relations satisfied by the rotated coordinate operatorx
Clearly, here the Θ matrix transforms as a second rank antisymmetric tensor under rotations R ∈ SO(3). This is actually due to fact that we had implicitly used the undeformed co-product, reflected by the notation Θ UD , to compute the commutator:
which is nothing but the commutator of the rotated coordinate operators. However, as we have seen in the previous section, we should really use the deformed co-product ∆ θ to compute the rotated commutator, as the composite object (x ixi ) transforms to (x ixj ) R under rotation by R ∈ SO(3), and this will be implemented by the deformed co-product △ θ (R). In other words we have to simply replace ∆ 0 (R) by ∆ θ (R) in the above computation. With this the above commutator gets replaced by
Now a straightforward computation yields
This indicates that the composite object no longer transforms as a second rank tensor under rotation. However a simple antisymmetrization now yields
This implies that the rotation applied to the commutator as a whole is different from the commutator of rotated coordinates. Here Θ D refers to the fact that the deformed co-product has been used for its computation. It shows that the NC matrix Θ really remains invariant under spatial rotations and is the same as in the fiducial frame if the proper deformed co-product action is considered. This deformed co-product on the other hand arises from the demand of restoration of automorphism symmetry under rotation, as we have seen earlier.
The above result suggests that the commutator [x j ,x k ] should be invariant under SO(3) transformations. This is a useful consistency check as one can indeed verify explicitly that
again displaying the constancy of θ ij under the action of the deformed co-product. The same conclusion can be drawn from a more general setting, where transformation properties under rotation of the quantum position operator, (introduced earlier in (58),(59)) in conjuction with an arbitrary state ψ(x i ) is considered.
To that end, recall that the quantum position operator act from the left on the elements of the quantum Hilbert spaceX
i.e,X (l)
More generally, one may introduce the rotated quantum position operator as the map
i.e,X
These are straightforward extensions ofx i andx R i , acting on H 
R under a rotation. Unlike the commutative case, we can expect a deformation of a vectorial nature through our experience of the non-covariant transformation property (x ixj ) → (x ixj ) R in (116). To show that this is indeed the case, observe that under a rotation, m(
A straightforward computation now yields, on using (117) (see Appendix),
can be regarded as the effective rotated quantum position operator and is distinguished by a tilde. It can now be trivially checked that
again showing the constancy of Θ. The eqs.(124,125) reproduce the result of [13] , obtained in a Hopfalgebraic framework and furnishes a derivation from a somewhat different perspective of the result obtained in [14] , [15] . At this stage we would like to make some pertinent observations: (i) Note that the expression (124) has been obtained in a self-consistent approach, as the invariance of Θ in the sense of (117) has been made use of here. For the special case ψ(x i ) =x R j , one can easily show, by using (116), thatX
(ii) The distinction betweenX in conjunction with a state is considered. This is the price one has to pay to hold Θ fixed. In other words, this non-covariant transformation property is induced on it by the deformed co-product, when the composite object (x i ψ(x i )) undergoes rotation. In this sense,X i , corresponding to right action is found to beX
so thatX
VIII. SO(3) TRANSFORMATION PROPERTIES OF THE SHROEDINGER ACTION AND HAMILTONIAN
Let us consider the motion of a particle described by the Hamiltonian
where V (X i ) represents the potential. Note that the argument of V (X i ) isX i ≡X (l)
i and notx i since, like the kinetic energy term, it is a operator on H (3) q . In particular we focus on rotational invariant potentials in the conventional sense:
An example of such a rotational invariant potential that we study later is the isotropic harmonic potential
As the action of the position operators is defined through left multiplication, the action of the potential on the quantum state is
In the above the potential V (x i ) is also an operator acting on the classical configuration space. This operator acts on the quantum state through ordinary operator multiplication. In the light of (130) this operator satisfies (see also (84))Ĵ
which can indeed be explicitly verified for the harmonic oscillator potential. Let us now consider the issue of rotational invariance of the Hamiltonian (129). It is a simple matter to see that the angular momentum operators J i commute with the kinetic energy term, but not with the potential V (X i ), even though the potential is rotational invariant in the sense of (130). It is useful to understand the origin of this non-commutativity more precisely in the context of the deformed Leibnitz rule (92). For this purpose let us consider
On the other hand from (92) this can also be written as
For rotational invariant potentials the first term on the right of (135) vanishes by (133) and since ψ is an arbitrary state we conclude
We note that even for rotational invariant potentials the Hamiltonian and angular momentum do not commute and that the rotational symmetry is explicitly broken on the level of the Hamiltonian. However, the non-vanishing commutator originates purely from the deformation of the Leibnitz rule, which vanishes in the commutative limit. Hence the breaking of rotational symmetry on the level of the Hamiltonian for rotational invariant potentials results purely from the deformation. Another way of phrasing this statement is to note that (V ψ) R = V R ψ R , while the equality is required to make the rotational invariance manifest on the level of the Hamiltonian for rotational invariant potentials.
ef f can be thought of as an effective potential in the rotated frame. For infinitesimal rotations the form of V R ef f can be read of from (136). Let us repeat the above analysis on the level of the Schroedinger action (112). We note that this action is invariant under the following transformation:
Note that the first and second equation are not inconsistent as the hermitian conjugation here ( †) refers to hermitian conjugation on the classical configuration space and not on quantum Hilbert space. This is analogues to commutative quantum mechanics where complex conjugation (hermitian conjugation here) commutes with rotations.
To verify the invariance of the action under (137) as well as the statements above explicitly, note that tr c (ψ † φ) = (ψ, φ).
Here and in what follows φ denotes any composite of fields, particularly V ψ in the case of (137). WritingĴ
one easily verifies from (49)
which implies
Thus one finds
where we have used the unitarity of U (R) w.r.t. the inner product on the quantum Hilbert space, i.e., U (R) ‡ = U (R) −1 . Note that we have actually used the undeformed co-product in the above argument, i.e., we did not apply the deformed co-product to the composite ψ † φ in (141). The same result can, however, be obtained from the deformed co-product as the deformation is essentially irrelevant when considering any term in the action as a product of two composites. The deformation only manifests itself on the
IX. CONCLUSIONS
We have discussed the generalization of non commutative quantum mechanics to three spatial dimensions. Particular attention was paid to the identification of the quantum Hilbert space and the representation of the rotation group on it. Not unexpectedly it was found that this representation undergoes deformation and that the angular momentum operators no longer obey the Leibnitz rule. This deformation implies that the action for the Schroedinger equation, in which the potential appears as a fixed background field, and Hamiltonian are no longer invariant under rotations, even for rotational invariant potentials. This is in sharp contrast with the commutative case where rotational symmetry is manifest for rotational invariant potentials. 
XI. APPENDIX
Here we complete
Using (101),(102), this can be written as,
Now, the action of F −1 on (x k ⊗ ψ(x i )) is
SinceP m acts adjointly, the factor (P mxk ) occurring in the second term can be replaced by (−iδ mk 1), so that (R ⊗ R)F −1 (x k ⊗ ψ(x i )) can be written as
Note that here R does not touch θ ij , as follows from (117) and it is fixed by fiducial frame we have chosen. Finally, acting by F on both sides yields,
Now substituting (P n ψ) R = R nm (P m ψ R ) andP i (x R ) k = −iR ki in the above expression and taking the multiplication map eventually in (161) yields, on further simplification, the desired result
